INTRODUCTION
There is a considerable amount of empirical support showing the existence of heterogenous discounting among households (see, e.g., Dreyfus and Viscusi (1995) , Samwick (1998) or Warner and Pleeter (2001) ) and supporting the idea that patience (willingness to defer gratification) correlates positively with different measures of economic success.
Regarding this second point, Hausman (1979) , for instance, presents a model of individual behavior in the purchase and utilization of energy-using durables and shows that discount rate varies inversely with income. Lawrance (1991) estimated consumption Euler equations using the Panel Study of Income Dynamics and showed that subjective rates of time preferences can be up to 6 percentage points develops the calculations leading to the average utility and to the average wage in the economy. The main results are proved in Section 5, where two examples are also offered. Section 6 concludes.
THE BASIC MODEL
The basic search model used in this section to show that patience correlates positively with income is (Stokey et al., 1989 , c. 10, p. 304) version of McCall (1994 model. 3 The next sections generalize this model and prove the results.
The economy has a continuum of workers indexed by [0, 1] . For all purposes, one can think of a small country in which workers receive their job offers from foreign firms.
Consider the measurable space (Ω, F, p) and, in this space, the measure µ induced by the wage function w : Ω → [0,w] (with 0 <w < ∞). In the induced space ([0,w] , B [0,w] , µ), denote by F (t) the distribution function that (µ a.e. uniquely) determines the measure µ : F (t) = p(w ≤ t). The distribution F (.) is assumed to satisfy 0 < Ew <w.
The (representative) worker is not allowed to borrow or to lend. His consumption c t is equal to his income w t in each period. The consumer maximizes the expected present value of the utility derived from consumption:
The utility function U (.) is assumed to be continuously differentiable, strictly increasing and concave (U (w) ≤ 0), with U (0) = 0 and U (0) < ∞. By assumption 0 < β < 1.
State "w" corresponds to a job offer w at hand, and state "0" to no job offer that period. In state w the worker can accept or turn down the offer. If he accepts it, by assumption he is employed with that wage, facing, each period, a probability of unemployment given by θ, 0 < θ < 1. If he does not accept the offer he will be this period in state 0. Being in state zero the only thing he can do is to wait till next period for a new job offer which, in the present version of the model, happens with probability one. Wages are normalized so that the compensation wage, when unemployed, is equal to zero. While employed, the individual is not allowed to search for wage offers.
The reservation wage w * in this case is given by equation 10.7.6 in (Stokey et al., 1989, p. 307) .
Remark 2.1. In this economy each single worker is subject to an infinite cycle of employment, lay-off, and unemployment. The average wage (and average utility) in which we are interested here is the one of such a representative worker along his (supposedly infinite) life. Due to the law of large numbers, the average wage (average utility) also happens to be equal to the cross-sectional average of the wages (utilities) of all workers in the economy, employed and unemployed, in a single point in time.
Call the average wage w A : 4 3 Other sources where this type of model can be found are Sargent and Ljungqvist (2002) and Sargent (1987) . 4 Exercise 10.8.d of Stokey et al. (1989) asks the average wage of employed workers, w E A . This is not the statistic in which we shall be interested here. In any case, as we shall se in the next section, this value can be easily calculated using the invariant cross-sectional distribution of wages in the economy, and conditioning it on the event that the worker is employed. The result is:
It is easy to see that w E A could not be given by (2). Take an economy in which µ assigns probability one to w =ŵ. In any cross section, the average wage of employed workers has to be equal toŵ, a fact which follows trivially from (1), but not from (2).
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We are going to see in Section 5, under a more general framework, which has the one of this section as a particular case, that w A is an increasing function of patience when the utility is linear.
A MORE GENERAL MODEL
In this section I present a slight generalization of the model introduced in Section 2 and use this new model to develop all calculations leading to the main results of the paper.
Suppose now that, in each period, the worker faces a probability α, 0 < α < 1 of getting no job offer when he is unemployed. With v(w) standing for the value function when the state is "wage offer w at hand", A for accept and R for reject, the recursive version of the consumer's problem is given by:
where
Note that v(0) = U (w * ) + βv(0)
This follow from (3) and from the definition of the reservation wage.
Proposition 3.1 (Determination of the Reservation Wage).
There is a unique w * ∈ [0,w] such that:
Proof. Trivial.
Proposition 3.2. w * (the reservation wage) is implicitly determined by the equation:
Proof. From (4) and (6):
Collecting terms:
Use (6), (5) and the definition of the variable X to get:
Next, add and subtract
to the second member of the equation above and collect terms to get (7).
Proposition 3.3. The reservation wage is an increasing function of the worker's patience (β), a decreasing function of the probability that unemployed workers find no job offer (α) and a decreasing function of the probability of layoff θ.
Proof. All assertions follow from straightforward applications of the implicit function theorem.
Define:
and use (7) to obtain:
Remark 3.1. Note in (8) that the influence of α over ∂w * ∂β cannot be directly determined from (8) . The direct effect (considering the α which appears in the denominator of ∂w * ∂β ) is positive, but the effect through the reservation wage (given 9), and taking into consideration that U (w * ) > 0 and U (w * ) < 0 is negative.
THE LONG-RUN AVERAGE UTILITY AND WAGE
The determination of the average wage here follows, with some changes, the procedure outlined in (Stokey et al., 1989, section 10.8, p. 308) .
The reservation wage w * (j) divides [0,w] into two regions: the acceptance region A = [w * ,w] and the non-acceptance region A c = [0, w * ]. Note that A and A c depend on the value of β. The rules of the optimization followed by the worker define a transition function P : [0,w] × Bw → [0, 1], of wage offers.
If the current state (given by the wage offer) is w ∈ A c , the probability of having an offer next period in any borelian B ⊂ [0,w] is given by
Alternatively, if the current state is w ∈ A, the worker can only lose his job (with probability θ) or keep the same wage next period. Therefore, with probability zero he will have a wage next period in a borelian B that does not contain either 0 or w. If the borelian B contains 0, but not w, or w but not zero, the transition probabilities are, respectively, θ and 1 − θ. If it contains both, since these are
This transition function implies the only ergodic set of the problem to be the whole (induced) sample space, [0,w] . It also defines an invariant measure λ in [0,w] of wage offers in the economy. To find the average wage of a worker along time (or the cross sectional average wage of all workers in the economy -see Remark 1 -), we need to find this invariant measure λ.
In order to do so, notice the following. A worker will be offered a wage in the acceptance region A in period t + 1 if either he already had this wage in A in period t and is not laid off or if he was unemployed, receives a wage offer, and this wage offer falls in A. Formally:
Taking limits, 5 this leads to the following invariant measure of the acceptance region A ( λ = lim t→∞ λ t ):
Since
Now suppose {0} ⊂ C ⊂ A c . A worker will have a wage offer in this set C either if she is currently employed and is laid off, if she is unemployed and gets no wage offer or if she is unemployed and gets a wage offer in C. Therefore:
Using (12) and (13), this implies that for sets {0} ⊂ C ⊂ A c the invariant measure reads:
Finally, a worker will have a wage offer in a set C ⊂ A in data t + 1 if either she already has a wage w ∈ C and keeps it, or if she is unemployed, happens to receive a wage offer, and this wage offer is in C. Formally, for C ⊂ A:
The invariant measure of wage is now given by:
A second invariant probability distribution in ([0, D], B [0,D] ) is given by the observed distribution of wages (rather than that of wage offers, λ). Call it λ * .
Since all offers in C ⊂ A c are not accepted by the worker, all λ−mass in C ⊂ A c has a λ * mass concentrated at the point w = 0. On the other hand, for sets C ⊂ A, λ(C) = λ * (C). In other words, the observed distribution of wages λ * is a mixed distribution in [0,w], with:
On The Positive Correlation Between Income and Patience
By definition, the average utility in this economy is equal to:
Or, given (15), and since U (0) = 0:
Above, w * is given by (7). In the same way, the average wage w A of a certain worker (or of all workers in the economy at a point in time) reads: 6
MAIN RESULTS
Note that it is not clear from (16) and (17), at first glance, if the average utility and the average wage are increasing functions of the time-preference parameter or not. Indeed, as β increases, so does the reservation wage, leading to a fall of µ(A). At the same time, though, the region of integration in (16) decreases. The same applies for the average wage in (17).
Even though my main focus here is on the average income, I start the calculations with the average utility solely because the results are nested: the result for the average income follows trivially from the result for the average utility under the assumption of risk neutrality.
Proposition 5.1 proves, for the case in which F (w) is absolutely continuous, 7 that the long-run average utility increases with patience. Assumption 1: 8 F (w) exists and is absolutely continuous a.e. in [0 
The assertion in footnote 4 should be clear by now. The cross sectional average wage of employed workers (w E A ), by the definition of conditional expectation, is equal to: w] wdλ * (w)
Using (12) and (17), we get
as previously stated. 7 The working-paper version of this article (Cysne (2004) ) uses the Glivenko-Cantelli theorem (see Ferguson (1996) ) to present another proof that the average wage is an increasing function of patience in a case in which θ = 0 and F is not uniformly continuous. 8 Remember the definition of F (w) as the distribution function determined by µ.
Proposition 5.1. Under Assumption 1, the average utility is an increasing function of the time preference parameter β.
Proof. Using the distribution function F and its respective density function (f (w)) with respect to the Lebesgue measure in R, it follows from the result above that the average wage is now given by:
Taking the derivative in (18) with respect to w * :
The expression of the reservation wage given by (7) allows us to write:
By the chain rule, ∂U A ∂β = ∂U A ∂w * ∂w * ∂β . The final expression for ∂U A ∂β can therefore by obtained using (19) and (8). In particular, since both ∂U A ∂w * and ∂w * ∂β have been shown to be strictly positive, so is
One could argue if this result could not be obtained by observing that, in the determination of the reservation wage, the worker would be acting suboptimally if he ended up with a lower utility on average. However, this claim is not correct. Optimality of the worker in this problem is defined in terms of the discounted value of his utility, not in terms of its long-run average utility. And a strategy to maximize E ( ∞ t=0 β t U (c t )) is not necessarily a strategy to maximize lim T →∞ 1 T ∞ t=0 U (c t ). Put in another way, suboptimality in terms of lim T →∞ 1 T ∞ t=0 U (c t ) does not imply suboptimality in terms of E ( ∞ t=0 β t U (c t )). The counter-example below illustrates the former assertion.
Example 5.1. Think of the limit case in which β = α = θ = 0. Maximization of E ( ∞ t=0 β t U (c t )) in this case implies choosing a reservation wage equal to zero. The worker will receive a first offer (call it w 0 ), will necessarily accept it, and will remain employed with this wage forever (since θ = 0). As a result, the optimum value of E ( ∞ t=0 β t U (c t )) is E(U (w)) and lim T →∞ 1 T ∞ t=0 U (c t ) = U (w 0 ). However, this strategy is clearly suboptimal in terms of maximizing lim T →∞ 1 T ∞ t=0 U ((c t )). Indeed, since the maximum among N wage offers, as N tends towards infinity, converges in probability to the upper bound of the distribution (w), the worker could do much better by, instead of choosing a reservation wage equal to zero, making it equal tow − ε, with ε positive and close enough to zero (such thatw − ε > w 0 ). By the convergence of the n th order statistics tow, this offer would eventually be made to the worker in finite time, and he could enjoy this wage forever (since θ = 0), thereby making his average utility converge to U (w − ε) > U (w 0 ).
Remark 5.2. Proposition 5.2 is the main result of this paper. It provides a new theoretical explanation for the findings that patience correlates positively with average income. 9 Although the more patient worker rejects a higher number of offers, remaining more time unemployed, Proposition 5 shows that he or she ends up with a higher average wage.
Proposition 5.3. Under assumption 1, but not 2, the average wage is an increasing function of patience, provided that the probability of unemployment θ is close enough to zero.
Proof. Suffices noticing that:
and that:
is a continuous function of θ for all θ ∈ [0, 1).
Example 2 illustrates the main points of this work.
Example 5.2. Consider an economy with linear utility in which, each period, workers face a probability θ of layoff and a probability α of having no wage offer next period. Suppose that µ is given by the Lebesgue measure (uniform distribution) in [0, 1]. Using (7):
By (17), the average wage reads:
Obviously, from (20), 0 < w * . Make z(β) = 1−β(α−θ) β(1−α) . Note that 0 < z < 1, w * (z) = z − √ z 2 − 1, w * (1) = 1 and that (w * ) (z) < 0 for all z > 1. By the mean-value theorem, this implies w * < 1. By the chain rule, the fact that z (β) < 0 implies (w * ) (β) > 0.
To show that w A (w * (β)) > 0 suffices, by the chain rule, showing that w A (w * ) > 0, at the value of w * endogenously determined by β, α, and θ.
Taking the derivative in (21) with respect to w * leads to:
has only one root between zero and one, which is given by: 9 A subtle difference between my findings here and those of Lawarance (1991) is that I calculate E(w | β), whereas Lawrance actually measures E(β | w). In both cases, though, what is ultimatelly characterized in the data is a positive correlation between patience and average wage. I am thankful to one of the referees for having pointed that out to me.
Since g (x) = 2 > 0, all we have to prove is that w * < x 1 , where x 1 is given by (22) . This can be done with the help of the function h(z) defined above.
We have proved that the average wage is an increasing function of patience.
The reservation wage and the long-run average wage for this example are illustrated in Figure 5 .2, below, first as a function of beta and theta, with α = 0, and then as a function of beta and alpha, with θ = 1/60. This implies, in average, one layoff each five years, a reasonable probability of layoff.
If theta is very close to zero, the reservation wage tends to one when β tends to one. Intuitively, the worker with beta close to one will reject a very high percentage of all offers, remaining with a wage equal to zero, whereas the worker with lower beta might accept and go on keeping his average away from zero. With theta very close to zero, though, once the patient worker accepts an offer, he remains employed with that wage for a very long period of time, eventually catching up with the less patient worker and ending up, in the long-run, with a higher average.
When either alpha or theta increase, both the reservation wage and the average wage decrease. The two graphs in the bottom show that the condition of θ being close enough to zero estabilished by Proposition 5.3 is sufficient, but by no means necessary for the average wage to increase with patience.
We can also notice that the responses of both the reservation wage and the average wage to patience tend to decrease when either the probability of lay off or the probability that unemployed workers do not get a job offer increases. This can be easily seen by focusing on the level lines parallel to the axis where beta is measured, both for low and high and values of theta and alpha, respectively.
CONCLUSIONS
This paper has used a standard job-search model to provide a new explanation for the empirically assessed positive correlation between patience and average income: more patient workers, by rejecting less favorable wage offers, end up with a higher income in the long run. The point is not clear at first sight, since rejecting more offers also leads to more time of unemployment. However, assuming linear utility, the paper shows that more patient workers always "win in the end", meaning that they end up with a higher average income. When the utility is not linear, the result is also true, provided that the probability of unemployment is small enough.
The average utility of the more patient worker was also proved to increase with patience. In this case, no additional assumption is necessary.
A counter example was used to show that the conclusions of the paper could not follow from a direct analysis of the value function, and that higher average utility here is not a synonym for higher welfare.
A second example at the end of the text was used to illustrate how the positive influence of patience on average income depends on the probability of unemployment and on the probability that unemployed workers do not receive a job offer.
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